Abstract. We characterize the centralizer of the centralizer of all parabolic subgroups of the braid group having connected associated Coxeter graphs. We apply this result to provide a new and potentially more efficient solution to the subgroup conjugacy problem for these parabolic subgroups.
Introduction
Fenn, Rolfsen and Zhu [FRZ96] determined the centralizer of the standard parabolic subgroup B m in the braid group B n (m < n) [Ar47] . This result was generalized by Paris [Pa97] who computed generating sets for the centralizer of parabolic subgroups having connected associated Coxeter graphs for Artin groups of type A, B and D.
In this paper, we characterize the centralizer of the centralizer (also called double centralizer ) of a parabolic subgroup H of B n with a connected associated Coxeter graph, namely we show that C Bn (C Bn (H)) = Z(B n ) · H, where Z(B n ) denotes the center of the braid group B n . Furthermore, we apply this result to the subgroup conjugacy problem for such parabolic subgroups of B n . The conjugacy problem in the braid group B n was solved in the seminal paper of Garside [Ga69] . A more general problem is the subgroup conjugacy problem for H ≤ B n : given two elements x, y ∈ B n , and a subgroup H ≤ B n , decide whether x and y are conjugated by an element in H. In general, this problem is presumably undecidable, because F 2 × F 2 can be embedded in B n for n ≥ 5 (where F 2 is the free group on two generators), and for F 2 ×F 2 , according to a result of Mihailova [Mi58] , even the subgroup membership (or generalized word) problem is unsolvable. Nevertheless, it is interesting to consider the subgroup conjugacy problem for particular natural subgroups of B n . Indeed, even the subgroup conjugacy problem for the natural embedded subgroups B m ≤ B n , for m ≤ n, has been open for m ≤ n − 2 until [KLT10] . The case m = n − 1 was resolved in [KLT09] , which was of particular interest, since the so-called shifted conjugacy problem [De06] , which was also unknown to be solvable [De06, LU08, LU09] , is equivalent to some subgroup conjugacy problem for B n−1 in B n [LU08, KLT09] . In [KLT09] , the subgroup conjugacy problem for B n−1 ≤ B n was transformed to an equivalent bisimultaneous conjugacy problem. Then, in [KLT10] , the subgroup conjugacy problem for all parabolic subgroups of braid groups, even for all so-called Garside subgroups [Go07] of Garside groups, was solved completely, and deterministic algorithms were provided. The solution in [KLT10] does not resort to a detour via a simultaneous conjugacy problem, but there we cannot apply any cycling and decycling operations (see [EM94] ). Therefore, the invariant subsets of the conjugacy class are quite large.
In this paper, we provide a second solution of the subgroup conjugacy problem for parabolic subgroups of B n having a connected associated Coxeter graph. This solution is a generalization of the approach developed in [KLT09] , namely we reduce the problem to an instance of a simultaneous conjugacy problem. Also the invariant subsets of the simultaneous conjugacy class involved in Lee and Lee's solution [LL02] are relatively big. In [KTV14] , we introduce new much smaller invariant subsets of the simultaneous conjugacy class, namely the so-called Lexicographic Super Summit Sets. Using these new improved invariant subsets, our new approach to the subgroup conjugacy problem for parabolic subgroups of B n with a connected associated Coxeter graph, given in Corollary 5.4, is expected to be more efficient than the direct solution (using fractional normal forms) from [KLT10] .
Though the subgroup conjugacy problem for standard parabolic subgroups of the braid groups deserves interest on its own, a particular motivation comes from applications in cryptography. Indeed, Dehornoy [De06] proposed an authentication scheme based on the shifted conjugacy problem. We remark that, by using generalized shifted conjugacy operations, it is straightforward to construct shifted conjugacy problems which can be reduced to some subgroup conjugacy problem for B m ≤ B n . Furthermore, the Diffie-Hellman public key exchange based on the braid group, introduced by Ko et al. [KL+00] , relies on the subgroup conjugacy problem for B m ≤ B n . Though Gebhardt broke this cryptosystem in [Ge06] with 100% success rate, using his ultra summit sets, introduced in [Ge05] , we have to point out that he did not provide a general solution to the subgroup conjugacy problem for B m ≤ B n . Remark 1.1. As a further application of our main theorem on centralizers of centralizers, we mention the first deterministic solution to the double coset problem for parabolic subgroups (with a connected associated Coxeter graph) of braid groups (see also [KTT14] ).
Outline. Section 2 deals with generating sets of the centralizer of ∆ 2 r in B n . We simplify Gurzo's generating sets in order to determine the algebraic structure of these centralizers. For the convenience of the reader, we include in Section 3 a solution to the subgroup conjugacy problem for B n−2 in B n , where we introduce the basic ideas which will be used in greater generality in the subsequent two sections. Then, Section 4 describes the main result concerning centralizers of centralizers for parabolic subgroups. Finally, Section 5 contains the application to the subgroup conjugacy problem for these subgroups.
Gurzo's presentation
We use the following definitions. Let ∂ : B ∞ −→ B ∞ be the injective shift homomorphism, defined by σ i → σ i+1 .
For p, q ≥ 1, we set:
i.e. the strands p + 1, . . . , p + q cross over the strands 1, . . . , p (see Figure 1 ).
In particular, for k ≥ 0 and l ≥ 1 we denote (see Figures 2 and 3): According to Gurzo [Gu85] , for 1 ≤ r ≤ n − 1, the centralizer or ∆ 2 r is given by:
Proposition 2.2.
Using Nielsen transformations we may simplify this generating set so that we obtain the complete algebraic structure of that centralizer and hence a presentation.
Proposition 2.3. For 1 ≤ r ≤ n − 1, the centralizer C Bn (∆ 2 r ) is isomorphic to the direct product of the Artin groups of type A r−1 and B n−r . In particular, we have:
. . , σ n−1 , we may replace, for 2 ≤ l ≤ n−r, the elementsb [r+1,r+l],1 by the elements ∆ 2 r+l in the generating set. Thus, we get: Figure 5 ), we may prove by induction that,
, where all factors commute on the right hand side. Furthermore, starting with b r+2,1 = σ r+1 ·b r+1,1 · σ r+1 , we may prove by induction that, for 2 ≤ l ≤ n − r (see Figure 6 ):b
Thus, we may express, for all 2 ≤ l ≤ n − r, the elements ∆ 2 r+l as words over b r+1,1 , σ r+1 , . . . , σ n−1 only, and hence, we may eliminate them from the generating set. Therefore, we have proven that: 
Consider the map B n −→ B n−r+1 which removes all but one of the strands 1, . . . , r, say, all except for strand 1. This map is not a homomorphism, but the restriction η : b r+1,1 , σ r+1 , . . . , σ n−1 −→ B n−r+1 is an injective homomorphism with image σ 2 1 , σ 2 , . . . , σ n−r . Consider the Artin group A(B n−r ) generated by s 1 , . . . , s n−r where s 1 and s 2 satisfy the 4-relation. A standard embedding ı of this B-type Artin group into the braid group B n−r+1 is given by s 1 → σ 2 1 and
. . , σ n−1 is an isomorphism. Since B r ∼ = A(A r−1 ) commutes with b r+1,1 , σ r+1 , . . . , σ n−1 , we conclude that:
Remark 2.4. Since it it obvious which relations are fulfilled, we will call in the sequel
3. The subgroup conjugacy problem for B n−2 in B n
We start with the following result concerning the centralizer of ∆ 2 n−2 :
Lemma 3.1.
We start with the left equality. According to Gurzo's presentation (Proposition 2.3 for r = n − 2), we have:
′ for some k ′ ∈ Z. Recall that σ 2 1 , σ 2 is the braid group on three strands which fixes the first strand, namely α ∈ B 3 | ν(α)(1) = 1 (see Figure 7) , where ν denotes the natural homomorphism which maps each braid to its induced permutation on the strands, i.e. ν : σ i → (i, i + 1). Therefore, we may view σ 2 1 , σ 2 as the 2-strand braid group of the annulus [Cr99] . However, for odd k, we have ν(σ k 1 )(1) = 2, contradicting ν(β)(1) = 1. 
The right equality follows from simple Nielsen transformations. Since ∆ 2 n−1
generates the center of B n−1 and ∆ 2 n−2 ∈ B n−1 , we can write:
n−2 and ∆ −2 n−2 ∈ B n−2 , we can omitb n−1,1 from the last presentation, and hence we get:
Proposition 3.2. For all x, y ∈ B n , the following are equivalent:
(1) There exists c ∈ B n−2 satisfying y = c −1 xc. (2) There exists z ∈ B n satisfying:
Proof. Since any element in B n−2 commutes with ∆ ′ where c ′ ∈ B n−2 . For finishing the proof, we have to show that q = 0.
we have z ∈ C Bn (σ n−1 ), and by the construction c ′ ∈ B n−2 and hence c ′ ∈ C Bn (σ n−1 ). Therefore, , respectively. We conclude that ∆ 2q n−1 ∈ C Bn (σ n−1 ) for q = 0, and since we have ∆ 2q n−1 ∈ C Bn (σ n−1 ), it implies that q = 0, as needed. 4. The centralizer of the centralizer for a parabolic subgroup of B n Now, we pass to the general case. We need the following result concerning the centralizer of ∆ 2 r : Lemma 4.1. The following holds for all 1 ≤ r ≤ n − 1:
Proof. The proof is a straightforward generalization of the proof of Lemma 3.1. Nevertheless, we provide full details for the convenience of the reader. We start with the left equality. According to Gurzo's presentation (Proposition 2.3), we have:
It suffices to show that B r+1 ∩ b r+1,1 , σ r+1 , . . . , σ n−1 = b r+1,1 . Indeed, sincē b r+1,1 ∈ B r+1 it suffices to show the inclusion B r+1 ∩ b r+1,1 , σ r+1 , . . . , σ n−1 ⊆ b r+1,1 . Let β ∈ B r+1 ∩ b r+1,1 , σ r+1 , . . . , σ n−1 . Consider the map η which removes the strands 2, . . . , r. Hence, η(β) lies in
. . , σ n−r . Now, η(β) ∈ B 2 implies that there exists k ∈ Z such that η(β) = σ k 1 . Since η(β) also lies in σ 2 1 , σ 2 , . . . , σ n−r , we may conclude that k is even, i.e., k = 2k ′ for some k ′ ∈ Z. Recall, that σ 2 1 , σ 2 , . . . , σ n−r is the braid group on n−r +1 strands which fixes the first strand, namely α ∈ B n−r+1 | ν(α)(1) = 1 , where ν denotes the natural homomorphism which maps each braid to its induced permutation on the strands, i.e. ν : σ i → (i, i + 1). Therefore, we may view σ 2 1 , σ 2 , . . . , σ n−r as the (n − r)-strand braid group of the annulus [Cr99] . However, for odd k, we have ν(σ k 1 )(1) = 2, contradicting ν(β)(1) = 1. Thus, we have shown that B 2 ∩ σ 2 1 , σ 2 , . . . , σ n−r = σ 2 1 . For the braids in question, η is an isomorphism. Thus we may apply η −1 , and we obtain
The right equality follows from simple Nielsen transformations.
Remark 4.2. Given a group word over {b r+1,1 , σ r+1 , . . . , σ n−1 } representing an element in B r+1 , one may find a word over {b r+1,1 } only, either by applying the map η as explained above, or one computes the fractional (left) normal form [Th92] in the B-type Artin group b r+1,1 , σ r+1 , . . . , σ n−1 . Fractional normal forms detect the standard parabolic subgroup in which an element of a finite type Artin group "lives". This generalizes to Garside subgroups of Garside groups [Go07] .
Lemma 4.1 allows us to prove the following crucial result about centralizers:
where we define σ n := 1 and therefore C Bn (σ n ) = B n .
Proof. We prove the theorem by induction on K. For K = 1, according to Gurzo's presentation, we have:
The last equality holds sinceb n,1 = ∆ 2 n ∆ −2 n−1 ∈ ∆ 2 n , B n−1 . Now, assume that the equality holds for K satisfying 1 ≤ K < n − m, and we want to prove it for K + 1. We start by proving the following inclusion:
We have:
where the last equality is by the induction hypothesis.
The opposite inclusion is obvious, since every element of B n−K−1 and ∆ 2 n commute with ∆ 2 n−k and σ n−k+1 for 1 ≤ k ≤ K + 1. Therefore:
This completes the induction step.
Theorem 4.4. For 1 ≤ m < n, we have:
Proof. According to [FRZ96] , the centralizer of B m in B n is:
. . , σ n−1 . We conclude that:
The right equality is by Proposition 4.3 (where we set K = n − m).
We may extend this result to parabolic subgroups of B n with a connected associated Coxeter graph, in the following sense of Paris [Pa97] . 
Proof. Recall that τ m−k+1,k−1 is the braid satisfying that the strands m − k + 2, . . . , m cross over the strands 1, . . . , m − k + 1 (see Figure 1) . Therefore,
−1 for any g ∈ G, for a group G and H ≤ G, an application of Theorem 4.4 leads to the assertion.
The subgroup conjugacy problem for parabolic subgroups
We apply the results of the preceding section to reduce the subgroup conjugacy problem to an instance of the simultaneous conjugacy problem.
Theorem 5.1. Let G be a group and H ≤ G such that C G (C G (H)) = Z(G) · H where Z(G) denotes the center of G. Furthermore, let {g 1 , . . . , g l } be a generating set of C G (H). Then, for x, y ∈ G, the following are equivalent:
(1) There exists c ∈ H satisfying y = c −1 xc.
(2) There exists c ′ ∈ G satisfying (a) y = c ′−1 xc ′ , and
′ commutes with all generators of C G (H). Therefore, z ∈ C G (C G (H)) = Z(G) · H, and we may write c ′ = zc for some z ∈ Z(G) and c ∈ H. From Condition (a), we conclude that:
Remark 5.2. In general, for any pair (G, H) , where G is a group and H ≤ G,
An example of a proper inclusion is the pair (F n , F m ) for m < n, where we have
Now, we may reduce the subgroup conjugacy problem for B m in B n (for m < n) to an instance of the simultaneous conjugacy problem:
Corollary 5.3. Let m < n. For all x, y ∈ B n , the following are equivalent:
(1) There exists c ∈ B n−m satisfying y = c −1 xc. Proof. This is a straightforward consequence of Theorem 5.1 and Theorem 4.6.
Corollary 5.5. Let H be a parabolic subgroup of B n with a connected associated Coxeter graph. Then the subgroup conjugacy problem for H in B n is solvable.
Proof. According to Corollary 5.4, this problem may be reduced to an instance of the simultaneous conjugacy problem in B n . Now, the simultaneous conjugacy problem in braid groups was solved in [LL02] . This implies the solvability of the subgroup conjugacy problem as well.
